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Quandles have two operations corresponding to the operations of conjugation 
XD y= y-‘xyandxD-‘y= yxy -- ’ in a group. Simple quandles are classified in 
terms of certain triples (N, C, m), where N is a simple group, C is a conjugacy class 
in Aut N, and m > I. 
The concept of “quandle,” introduced in [S], captures the equational 
content of the two operations of conjugation x D y = y - ‘xy and x D - ’ y = 
YXY-’ in a group. Two theories are needed in order to study the structure of 
an algebra such as a quandle. A general decomposition theory involving a 
form of the Jordan-Holder-Schreier theorem has been eveloped by Goldie 
[3] and by Griitzer [4, pp. 74-751. This general theory does to some degree 
specialize to quandles. There remains the need for a classification of the 
simple algebras. In this article simple quandles are classified by associating 
to each one a simple group, a conjugacy class of automorphisms of that 
group, and a positive integer. In the discussion that follows the term “simple 
group” is meant to include prime cyclic groups. When prime cyclic groups 
are to be excluded then the term “nonabelian simple group” will be used. 
This article is self-contained; no knowledge of [S] is required. 
1. PRELIMINARY CONCEPTS 
A quandle is a set equipped with two binary operations denoted x D y 
and x D -’ y satisfying three identities: 
Ql- XDX=X. 
42. (XDY)D-‘Y=x=(xD-‘Y)DJJ. 
43. (xD y)Dz=(xDz)D (yDz). 
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Whenever we speak of a group or of a conjugacy class in a group as a 
quandle, we mean with the two operations 
xD y= y-‘xy and xD-‘Y=yXy-‘. 
A quandle is said to be abelian if it satisfies the identity 
QAb. (w D x) D (y D z) = (w D y) D (x D z). 
Axiom 42 assures us that to each element y of a quandle Q there is a 
bijection on Q whose value at x is x D y. We call this bijection the 
symmetry at y denoted S(y). Axiom 43 asserts that the symmetry at z 
preserves one quandle operation. It follows that each symmetry is actually a 
quandle automorphism of Q. The group of automorphisms of Q generated by 
the symmetries of its elements is called the inner automorphism group of Q, 
denoted Inn Q. It is convenient to have Inn Q act on the right on Q (evaluate 
the automorphism a at the element x giving x . a) and to write the 
composition of two automophisms a and b as ab rather than b o a. The 
function S: Q -+ Inn Q is a quandle homomorphism when Inn Q is treated as 
a quandle, that is, S(x D y) = S(y)-’ S(x) S(y). More generally, for x in Q 
and a in Inn Q, we have S(x . a) = a ‘S(x)a. 
A quandle Q is said to be algebraically connected if Inn Q acts transitively 
on Q, that is, given two elements x and z in Q there exists a sequence of 
elements y,, y2 ,..., y, in Q and a sequence of exponents e,, e,,..., e, in 
(1, -1) such that 
x * qy,y’ S(y,)‘* **. S(y,)‘n = z. 
Any quandle has a quotient (i.e., homomorphic image) whose elements are 
its algebraically connected components and whose operations are first 
projections (i.e., x D y = x D - ’ y = X). 
The transvection group, Trans Q, of a quandle Q is defined to be the 
subgroup of Inn Q generated by the elements of the form S(x) S(y) r for x 
and y in Q. The quotient group Inn Q/Trans Q is a cyclic group since any 
two generators S(x) and S(y) of Inn Q are congruent modulo Trans Q. The 
order of this quotient group, which is the index of Trans Q in Inn Q, is called 
the transvection index of Q, which may be finite or infinite. The commutator 
subgroup (Inn Q)’ of Inn Q is always contained in Trans Q. If Q is 
algebraically connected, then (Inn Q)’ equals Trans Q. Indeed, in that case 
each generator S(x) S(y)-’ of Trans Q is of the form S(x) a-‘S(x)-’ a. 
since there is an a in Inn Q such that y = x . a and so S(y) = S(x . a) = 
a-‘S(x)a. 
Remark. A quandle is abelian iff its transvection group is abelian. 
Proof By definition a quandle Q is abelian iff the identity QAb holds in 
SIMPLE QUANDLES 309 
Q. Equivalently, for all x, y, and z in Q it is the case that 
S(x) S(z)-’ S(y) = S(y) S(z)-’ S(x). On the other hand, Trans Q is abelian 
iff the following identity holds: 
S(x) S(z) l S(y) S(r) 1 = S(y) S(t)- ’ S(x) S(z) - I. 
By setting t = z we find that if Trans Q is abelian, then Q is abelian. 
Conversely, if Q is abelian, then we have 
S(x) s(z)-’ S(y) s(t)-’ = S(y) s(z)-’ S(x) s(t)-’ 
= S(y) S(t) - ’ S(x) S(z) -- ‘, 
which implies that Trans Q is abelian. 1 
2. SIMPLE QUANDLES 
We say that a quandle is simple if it has no quotients except itself and the 
one-element quandle. An equivalent condition is that every homomorphism 
from the quandle is either constant or a monomorphism. 
We will uncover the relations between simple quandles and groups in a 
series of lemmas. Although not every quandle imbeds in a group, we first 
show that simple quandles imbed in groups, moreover, that a simple quandle 
appears as a generating conjugacy class in some group, namely, its inner 
automorphism group. After characterizing inner automorphism ‘groups of 
simple quandles, we study the structure of these groups in the case when the 
quandle has finite transvection index. The lemmas culminate in a theorem 
which states a correspondence between simple quandles of finite transvection 
index and certain triples (N, C, m), where N is a simple group, C is a 
conjugacy class in Aut N, and m < 1. 
LEMMA 1. Let Q be a simple quandle whose order is greater than two. 
Let G = Inn Q. Then 
(i) S: Q + G is an injection. 
(ii) Q is algebraically connected. 
(iii) S(Q) is a generating conjugacy class in G. 
(iv) Trans Q = G’. 
(v) G/G’ is cyclic. 
(vi) The center of G, Z(G), is trivial. 
Proof: (i) If S is not an injection, then it identities all elements in 
which case the identity x D y =x holds in Q. But the only simple quandles 
satisfying x D y =x have no more than two elements. 
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(ii) Just consider the quotient of Q whose elements are its algebraic 
components. 
(iii) The image of Q, S(Q), always generates G. It is a conjugacy class 
since Q is algebraically connected. Parts (iv) and (v) also follow from 
algebraic connectivity as mentioned in Section 1. 
(vi) Let a lie in the center of Inn Q. Then for x in Q, we have S(x) = 
a-‘S(x)a = S(x . a), From the injectivity of S it follows that x = x . Q. Thus, 
a is the identity automorphism on Q. 1 
Another property of Inn Q that follows from the simplicity of Q is that 
(Inn Q)’ is the smallest nontrivial normal subgroup of Inn Q. Since we will 
need a converse to this statement, this fact is best stated as in the next 
lemma. 
LEMMA 2. Let G be a group with trivial center, and let Q be a 
generating conjugacy class of G treated as a quandle. Then G r Inn Q and 
G’ g Trans Q. The following three statements are equivalent. 
(i) Q is a simple quandle. 
(ii) G’ is the smallest nontrivial normal subgroup of G. 
(iii) G’ is a minimal nontrivial normal subgroup of G. 
Proof: For each y in G let S(y) be conjugation by y regarded as an 
automorphism of Q: for x in Q let x - S(y) be y-‘xy. Then S is a group 
homomorphism from G to Inn Q. It is surjective since G includes Q. Assume 
that y lies in the kernel of S. Then y commutes with all elements of Q. But Q 
generates G, so y lies in the cneter of G; hence y = 1. Thus, the kernel of S is 
trivial. Therefore, S is a group isomorphism from G onto Inn Q. Since Q is a 
generating conjugacy class, it is an algebraically connected quandle. Thus 
Trans Q = (Inn Q)’ = S(G’), i.e., S restricts to an isomorphism from G’ onto 
Trans Q. 
(i)’ (ii): Let N be a normal subgroup of Inn Q. Define an 
equivalence relation on Q by 
x E y iff there is an n in N such that x . n = y. 
From the normality of N it follows that E is a congruence on Q. When Q is 
simple, we have only two cases. If E is equality, then N acts trivially on Q, 
therefore, N consists of the identity alone. If E relates any two elements of 
Q, then Trans Q EN. Indeed, given x and y in Q, there is an n in N such that 
x . n = y. An application of S yields n -‘S(x)n = S(y), from which it follows 
that S(y) S(x)-’ lies in N. Hence, the generators of Trans Q, and, therefore, 
all of Trans Q lie in N. Thus, (ii) follows from (i). 
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(iii) => (i): Let E be a congruence on Q. Define a subgroup N of 
Trans Q by 
Then N is a normal subgroup of Inn Q contained in Trans Q. When (iii) 
holds, then either N = 1 or N = Trans Q. If N = 1, then = is equality, for if 
y E z, but y # z, then 1 # S(yz - ‘) E N. In the other case, if N = Trans Q, 
then E relates any two elements of Q. Therefore, (i) follows from (iii). 1 
We can now characterize inner automorphism groups of simple quandles. 
PROPOSITION 3. A nontrivial group G is isomorphic to the inner 
automorphism group of a simple quandle iff the following three conditions 
are satisfied. 
(i) The center of G, Z(G), is trivial. 
(ii) G/G’ is cyclic. 
(iii) G’ is the smallest nontrivial normal subgroup of G. 
Proof Lemmas 1 and 2 imply that inner automorphism groups of simple 
quandles have these properties. Assume G satisfies the conditions. Choose 
any nontrivial element q in G such that q modulo G’ generates the cyclic 
group G/G’. Let Q be the conjugacy class of q in G. It follows from (iii) that 
the subgroup of G generated by Q is G itself. The rest follows from 
Lemma 2. I 
Note that every generating conjugacy class in such a group is a simple 
quandle. Some of these classes may be isomorphic as quandles. For instance, 
the alternating group of five letters. A,, has four nontrivial conjugacy classes 
two of which are isomorphic as quandles. 
3. SIMPLE QUANDLES WITH FINITE TRANSVECTION INDEX 
The structure of Inn Q can be completely determined when Inn Q/Trans Q 
is finite. This is a rather ,broad case that includes all finite simple quandles. It 
also includes all simple k-quandles. A k-quandle is a quandle in which the 
kth power of every symmetry is the identity. The simple 2-quandles are 
discussed as a case of special interest in Section 4. This broad case also 
includes some simple quandles which are not k-quandles for any k. 
LEMMA 4. Let G be a group having a minimal nontrivial normal 
subgroup T. Assume G/T is a finite cyclic group of order n. Let o be 
conjugation by an element of G which represents a generator of G/G’. Then 
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(i) For each nontrivial normal subgroup M of T there is a subgroup 
K of M normal in T and an integer m dividing n such that o”K = K and T is 
the internal direct product 
(ii) There is a normal subgroup N of T and an integer m dividing n 
such that omN= N, N is a simple group, and 
T=NxaNx... Xom ‘N. 
Let N and m be as in (ii). Let d = nfm, and let r be the automorphism o”’ 
restricted to N. Then 
(iii) Z(G) = 1 trr has order d module Inn N; that is, d is the smallest 
positive integer such that rd is an inner automorphism ofN. 
Proof: Let M be a nontrivial normal subgroup of T. We prove by 
induction on k that for k = 0, l,..., n at least one of the following two 
statements is true. 
(a& There is a nontrivial subgroup K of M normal in T and an m < k 
such that omK = K and the first m a-conjugates of K, namely, K, 
aK,..., om - ’ K, have pairwise trivial intersection. 
(bk) There is a nontrivial subgroup K, of M normal in T such that the 
first k + 1 o-conjugates of K,, namely, K,, crKk,..., akKk, have pairwise 
trivial intersection. 
For k = 0 let K, = M so that (b,) holds. If (ak... i) holds, then clearly (ak) 
also holds. Assume (b, i) holds. Consider 
In case Kz # 1, let K = Kz so that (ak) holds with m = k. Otherwise 
Kf = 1, in which case let I be least such that 
1 =Kk-,nakKk-,n... nak’K,-, 
and take 
which satisfies (bk). 
Since (b,) cannot hold, we conclude (a,). Take K and m as in (a,). Then 
the internal direct product K x UK x .-. x urn-‘K is a nontrivial normal 
subgroup of G contained in T, and hence, equals T. Evidently, m divides n. 
Thus, statement (i) holds. 
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Choose m to be the largest divisor of n for which there is a normal 
subgroup N of T such that o”N = N and T= N X UN X .-+ x o”-‘N. In 
order to prove (ii) we only need to show that the only nontrivial normal 
subgroup of N is N itself. Assume M is a nontrivial normal subgroup ofN. 
Then M is normal in T. An application of (i) supplies us with a subgroup K 
of M normal in T and a divisor m’ of n such that am’K = K and T = K X 
UKX ... xa m’-‘K. We conclude from the maximality of m that m’ = m and 
K = N. Hence, M = N. Thus, statement (ii) holds. 
Now 0 is conjugation by some element of G representing a generator of 
G/T, call that element s. Using the fact that each element of G is of the form 
zs’, where z E T and 0 < c < m, one sees that the condition Z(G) = 1 may 
be stated in terms of u as 
Vz E T, Vc, 0 < c < n, if u(z) = z and uc is S(z), 
conjugation by z, then z = 1 and c = 0. 
Next, since each element of T is of the form x,,u(x,) ..a u”~‘(x,_ ,) where 
x0, x,,...,x,-* E N, we may restate the condition in terms of s as 
VxEN,Vb,O<b<d,ifz(x)=xandtb=S(x), 
then x = 1 and b = 0. (*I 
Clearly, if t has order d modulo Inn N, then (*) holds, whence, Z(G) = 1. 
Conversely, assume Z(G) = 1. Let b be the order of r modulo Inn N. Clearly, 
b divides d. Suppose b # d, so that 0 < b < d. If N is prime cyclic, then with 
x the identity element (*) yields b = 0, a contradiction. If N is nonabelian 
simple, then rb = S(x), conjugation by x, for a unique x in N. In that case 
rb = S(t(x)) also, so x = z(x), and again (*) yields b = 0, a contradiction. 
Thus, the order of r modulo Inn N is d. 1 
Combining Lemmas 1, 2, and 4 we can associate to a simple quandle Q of 
finite transvection index a triple (N, r, m). But before stating this conclusion 
(Lemma 5), we need a construction of the group G found in Lemma 4 in 
terms of N, r’, and m. 
Let N be a simple group, z an automorphism of N of order d modulo 
Inn N, and m > 0. Set n = md. If N is nonabelian, take z. to be the unique 
element of N such that rd = S(z,), conjugation by z,,. If N is prime cyclic, let 
z0 be the identity element. Using the vector notation x = {x0,,.., x,,-,) for 
elements of N”, define an automorphism u of N”’ by u(xo,..., x,,- ,) = 
(~(x,-,),Xor...,X,~2 ). Let the semidirect product N” M Z, have the 
multiplication 
(x; k)(y; I> = (X@(Y); k + I), 
where x, y E N”’ and k, 1 E E,. Then (z; -n) lies in the center of N” M E,, 
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where z = (z,, , zO,..., z,,). Let G(N, r, m) be the quotient of N” M I, modulo 
the cyclic group generated by (z; -n). Define the quandle Q(N, r, m) as the 
conjugacy class of (1; 1) in G(N, r, m), where 1 = (l,..., 1). Note that 
Q(N,r,m)=((x;1)EG(N,z,m)~x,x,~~~x,~,EK), where K is the set 
K = ( y - ‘r(y) E N 1 y E N}. One might simplify the notation for elements of 
Q(N, r, m) by noting that Q(N, t, m) is isomorphic to (x E N” 1 
x()x, ... x,-, E K) along with the operation 
x D y =a(Y-‘x)y = (r(Y,!,x,,-,>y,, y~‘x,Y,,...,Y~!zXm-~Ym~,). 
In the next lemmas and in the main theorem we complete the correspon- 
dence between simple quandles and triples (N, t, m). We find that two triples 
determine the same quandle iff their r’s are conjugate in Aut N. This allows 
us to change the notation to (N, C, m), where C is a conjugacy class in 
Aut N. Finally, we determine which triples (N, C, m) yield simple quandles 
Q(N, C, m). 
LEMMA 5. Let Q be a simple quandle of order greater than two having 
finite transvection index. Then Inn Q z G(N, r, m) and Q z Q(N, ‘t, m), 
where N is a simple group, 5 is an automorphism of finite order modulo 
Inn N, and m > 1. The quandle Q determines N up to isomorphism and m 
exactly. Also, Q E Q(n, r,, m) E Q(n, sz, m) tr t, is conjugate to sz as 
elements of Aut N. 
Proof Let G = Inn Q and T = Trans Q. Let u be conjugation by an 
element of G which is the symmetry of some element of Q. Lemmas 1 and 2 
secure the hypotheses of Lemma 4 which in turn yields N, r, and m. There is 
an isomorphism G+ G(N, 7, m) which maps the element x00(x,) ... 
am ‘(x,- ,) in Trans Q to (x0, x, ,..., x,- ,) in Nm and maps the element of G 
whose conjugation is cr to (1; 1) in G(N, r, m). In light of Lemma 4 all 
statements of this lemma except the last are evident. From the algebraic 
connectivity of Q, if there is a isomorphism Q(n, r, , m) g Q(n, t2, m), then 
we may assume it maps (1; 1) to (1; 1). Furthermore, any such isomorphism 
extends to an isomorphism G(n, r,, m) z G(n, r2, m), which, of course, 
determines an automorphism p: N” g N”. Hence, the two quandles are 
isomorphic iff there is an automorphism /3: N” + N” such that /3 0 cr, = 
CJ? 0 /I, where ui is determined by ri. 
Case 1. Assume N is prime cyclic. In this case p, u,, and (T* may be 
interpreted as linear transformations of the vector space N”. Hence, if 
/I o 0, = u2 o /I, then det u, = det uz, which implies r, = r2 ; equivalently, t, is 
conjugate to r2. 
Case 2. Assume N is nonabelian simple. Suppose there is an 
automorphism p of N”’ such that p o u, = u2 0 /I. An automorphism of N” 
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must induce a permutation of the m factors of N”. The automorphism u, of 
Nm shifts the factors of N” by one unit. Hence, by composing p with CJ, 
some number of times, we may assume 8 leaves the first component of N” 
invariant. It follows that p acts coordinatewise, moreover, that 
P(x 0,.-,x,-1 > = (4x,),..., 4x,,- ,I), w h ere a is /3 restricted to any one coor- 
dinate. In terms of a, /I o ui = uz o p iff a b t, = t2 o a. Thus, the quandles are 
isomorphic iff t, is conjugate to r2 in Aut N. 1 
Now that we know Q determines r only up to conjugation, given N a 
simple group, C a conjugacy class in Aut N, and m > 1, we may take 
Q(N, C, m) to be Q(N, r, m), where r is any element in C, and weknow 
Q(N, C, m) is determined up to isomorphism if it is simple. Lemma 6 states 
when Q(N, r, m) is a simple quandle whose inner automorphism group is 
isomorphic to G(N, r, m). Theorem 7 summarizes the correspondence. 
LEMMA 6. Let N be a simple group, t an automorphism of N of finite 
order modulo Inn N, and m > 1. Let G = G(N, t, m) and Q = Q(N, r, m). 
When N is prime cyclic, let its order be denoted p, and let a be such that 
s(x) = ax, 0 < a < p. Then 
(i) N”’ is a minimal nontrivial normal subgroup of G iff either N is 
nonabelian, or N is prime cyclic and X”’ - a is an irreducible polynomial 
module p. 
Assume Nm is a minimal nontrivial normal subgroup of G. Then 
(ii) Z(G) = 1. 
(iii) G’ = N”. 
(iv) Q is nontrivial sff either r # 1 or m # 1. 
Assume also that Q is not trivial. Then 
(v) Q generates G. 
(vi) Q is a simple quandle whose inner automorphism group is 
isomorphic to G. 
Proof. (i) Case 1. Assume N is a prime cyclic group. There is no 
proper nontrivial a-invariant supgroup of N”’ iff 2?: is an irreducible zp[u]- 
module where Z,[u] = Z,[X]/(X”’ - a). Equivalently, X” - a is an 
irreducible polynomial modulo p. 
Case 2. Assume N is nonabelian. Let M be a subgroup of N” normal in 
G and containing a nontrivial element x. Since M is closed under u, we may 
assume the first coordinate x0 of x is nontrivial. Since N is a nonabelian 
simple group, there is an element y, of N such that the commutator Ix,,, y,] 
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is nontrivial. Let y = (yO, l,..., 1). Then x-‘(y-‘xy) = (Ix,,, yo], l,..., 1) lies 
inM. Hence, NX 1 x VS. x 1 is contained in M, whence N” = M. 
(ii) With T = N”, we may now apply Lemma 4 to derive Z(G) = 1. 
(iii) This statement follows directly from the minimality of N” and the 
construction of G. 
(iv) Since (1; 1) is one element of Q, we need only find another. If 
rf 1, take (yP’z(y), l,..., 1; l), where y is an element of N such that 
r(y) f y. If r = 1 and m > 1, take (y, y -‘, I,..., 1; l), where y is a nontrivial 
element of N. 
(v) The quotient of two distinct elements of Q is a nontrivial element 
in N”. Therefore, the intersection of N” with the subgroup of G generated by 
Q is nontrivial; hence the intersection is N” itself. Therefore, Q generates G. 
(vi) Lemma 2 now implies statement (vi). I 
For criteria for the irreducibility of X” - a, see [6, p. 2211. 
THEOREM I. All and only simple quandles Q of order greater than two 
which have finite transvection index appear as Q(N, C, m) (described above 
and below Lemma 5>, where N is a simple group, C is a conjugacy class in 
Aut N whose elements have finite order module Inn N, and m > 1, with the 
following exceptions: 
(1) C is the conjugacy class of the identit-v while m = 1. 
(2) N is prime cyclic of order p, z in C is multiplication by a, 
0 < a < p, and the polynomial X” - a is reducible modulo p. 
For such a representation, Q determines N up to isomorphism and determines 
C and m exactly. The simple abelian quandles correspond to those triples 
(N, C, m), where N is prime cyclic. 1 
4. SIMPLE INVOLUTORY QUANDLES 
An involutory quandle is a 2-quandle, that is, a quandle satisfying the 
identity (x D y) D y = x. The symmetries of an involutory quandle are all 
involutions. Involutory quandles are called “keys” by Takasaki [ 111, 
“symmetric sets” by Nobusawa 191, and “symmetric spaces” by Doro [ 2 ]. 
See Loos [7] for an explanation of symmetric spaces in terms of the binary 
operation denoted here by x D y, Nobusawa [ lo] and Nagao [8] discuss 
simple involutory quandles. 
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The core of a group G, Core G, as defined by Bruck [ 11 for the more 
general case of Moufang loops, is the underlying set of the group along with 
the operation x D y = yx-‘y. This operation is not to be confused with 
conjugation; the core of one group, however, is likely to be a conjugacy class 
of involutions of some other group. Cores of groups are involutory quandles. 
COROLLARY 8. A simple involutory quandle is either isomorphic to 
Core N, where N is a simple group or isomorphic to a conjugacy class of 
involutions in a nonabelian simple group. 
Proof. By the above theorem every simple involutory quandle appears as 
Q(N, t, m), where cr* = 1; hence m < 2. When m = 2, we have r = 1, which 
gives Q(N, r = 1, m = 2), a quandle which is isomorphic to Core N. When 
m = 1, then r # 1 and t* = 1, which gives Q(N, t, m = l}, a conjugacy class 
of involutions in N. m 
5. SIMPLE QUANDLES WITH INFINITE TRANSVECTION INDEX 
It is easy to show there are no simple abelian quandles Q for which 
Inn Q/Trans Q is infinite. There are at least two types of nonabelian simple 
quandles with infinite transvection index. 
(i) Q(N nonabelian simple, r = 1, m = co). 
(ii) Q(N nonabelian simple, r, m < CD}, where the order of i’ modulo 
Inn N is infinity. 
The constructions of these quandles and their associated groups is analogous 
to the finite case. The author expects there are other types without analogue 
in the finite case, perhaps some which are not closely related to simple 
groups. 
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